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Crystal Structure Prediction (CSP)

motivation

® An approach to accelerate Molecular CSP solvers:
® Energy minimization — Geometric packing density maximization

(Left) A geometric representation of pentacene as the convex hull of the atomic positions of the
molecule with an offset given by hydrogen’s van der Waals radius of 1.09A. The dots symbolize
atomic positions of (blue) hydrogen and (black) carbon. (Right) Visualization of the ETRPA
output configuration of the densest p2-packing of the pentacene representation with density of
0.9533821 and resembles the configuration of single layer pentacene thin-film on graphite surface!,
and via MD simulation of self-assembly of a disordered system of pentacene molecules on a
graphene surface driven by the minimization of molecule-molecule interactions using the
Lennard—Jones potential®.
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e Configuration space: Crystallographic Symmetry Group (CSG)
® Discrete group of isometries of R" containing a lattice subgroup

® (CSG packing
Ke = ek,
geeG
int(giK) Nint (ng) =0, Vg, g€cG, g# g
® G-CSG
® K - Compact subset of R”

o

The 2D periodic structure with the p2mg plane group symmetry where K is a regular convex
pentagon with the packing density of approximately 0.8541019. (Left) A single primitive cell.
(Right) 9 primitive cells. The blue parallelogram denotes the primitive cell of the respective
configuration. Colors represent symmetry operations modulo lattice translations.
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CSG packing problem
® CSG packing problem
Kmax = argmax p (Kg), G = {H|H = G}.
Kg:Geg

° p(Kg)= Nje':(ag)() - 2D packing density.
® U - Unit cell.

® N - number of symmetry operation modulo lattice translations.

1Rogers, C. A. (1951). The closest packing of convex two-dimensional domains.
Acta Mathematica, 86(1), 309-321. 5/15
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CSG packing problem
® CSG packing problem
Kmax = argmax p (Kg), G = {H|H = G}.
Kg:Geg

° p(Ke) = Nj%ag)() - 2D packing density.

® U - Unit cell.
® N - number of symmetry operation modulo lattice translations.

CSG packings where G of type p2 and K is a regular octagon. (Left) packing with density
p(Kp2) = 0.413705 and (right) optimal packing with density p(Ky2) = :x:g ~ 0.90616 . The
blue parallelogram denotes the primitive cell of the respective configuration. Colors represent
symmetry operations modulo lattice translations.

1Rogers, C. A. (1951). The closest packing of convex two-dimensional domains.
Acta Mathematica, 86(1), 309-321.
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Entropic Trust Region Packing Algorithm

® Stochastic relaxation _
6 = argmax J(0),
0c®

* J(6) := E[F|0] = fxex F(x)dP(6)
® F - Fitness of the packing density
® dP(0) - Probability measure from a parametric family

S={dP(0) | 6 € ® CR"}

® X - Configuration space

LAmari S. I. (1998), Natural gradient works efficiently in learning. Neural
Computation, 10, pp. 251-276.
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® Non-euclidean trust region method
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® F - Fitness of the packing density
® dP(0) - Probability measure from a parametric family
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® X - Configuration space

® Non-euclidean trust region method

® Trust region defined by the Kullback-Leibler Divergence from dP(8)
to dP(6 + 80): D (Po || Posse) = [ In (3506 %ay ) 4P(6).

dP(0+50)
t VJ(Oh)
V@9l z,,

e Update equations: 8! = 0* + A

LAmari S. I. (1998), Natural gradient works efficiently in learning. Neural
Computation, 10, pp. 251-276.
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® T - Fisher metric tensor: Zg; = fX alnf()g(fe)) alnézj('e)) dP(6);
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Extended Multivariate von Mises (EMvM)

probability distribution

® The lattice subgroup L of a Crystallographic Symmetry Group
induces quotient space R"/L~ T"

IMardia K. V. et. al. (2008). A multivariate von mises distribution with
applications to bioinformatics. Canadian Journal of Statistics, 36, pp. 99-1009.
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- Te(o — 2 [e(6 = )| T 5 [c(6 — 1)
Ol D) = e {wTeto — )+ [g ~ 1] "o [ T 1]}
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probability distribution
® The lattice subgroup L of a Crystallographic Symmetry Group
induces quotient space R"/L~ T"
® Extended Multivariate von Mises! (EMvM) distribution:

1 1
- - T _ 2 [e(@ = )T c(@ — )
f(8|lp, k,D) = 2 7. D) exp{n (@ — p) + > [5(97“)] D[s(efu)}}
(@ — p) = [cos(01 — p1), - -+ cos(0p — pn)] T 0< 0 <op 0<m<om, [ pee D&
s(0 — p) = [sin(67 — py1), ..., sin(0n — pn)] T =i =" 0 < = [DCS T Dss]

® D - 2n x 2n real-valued symmetric matrix with diagonal elements of
D, D** and D set to zero.
® Controls cosine-cosine. sine-sine and cosine-sine interactions.

Histograms of projections along (left) 61, (middle) 6, and (right) 63 coordinates of 100000

samples from the trivariate EMvM.

IMardia K. V. et. al. (2008). A multivariate von mises distribution with
applications to bioinformatics. Canadian Journal of Statistics, 36, pp. 99-1009.
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Exponential reformulation of the EMvM
® Exponential family Extended Multivariate von Mises distribution

o= (18] e (] [8]) 0 - vin 9}

c(8) = [cos(61), - - -, cos(0)] T

I=%0) C(p,)} E_ [ECC E“] 0< pj <2m
s(8) = [sin(07), - - - sin(6n)] T

OSGiSZW,n:[NOS(”)v ESC Ess| 0< r
i

® E - 2n x 2n real-valued symmetric matrix with diagonal elements of
E, E* and E® set to zero.
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® Exponential family Extended Multivariate von Mises distribution

o= (18] e (] [8]) 0 - vin 9}

I=%0) c(p)} E_ [ECC Ecs] 0< pj <2m

c(8) = [cos(67), - - . , cos(6n)] T B
0<6; <27, M= kO s(u) ESC ESS 0<
i

s(0) = [sin(61), . . ., sin(6n)] T

® E - 2n x 2n real-valued symmetric matrix with diagonal elements of
E, E* and E® set to zero.
L dim(SEMvM) = 2n? > @ =dim (SMVM)

o - . = =
< 5 oy b, b, “, < < wp b b,

600 realizations of the Extended Multivariate von Mises distribution defined on an T° from a

single run of the ETRPA. (Left) Initial distribution and (Right) output distribution.
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Truncation selection transformation of the

fitness function F
. 6
® F._ q lFé (x) = {q if F(x) > Fl*%

-1 0 otherwise
q

° Ff’_l is the P4's (g — 1)th g-quantile of the fitness F.
q
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Truncation selection transformation of the
fitness function F

® F.—g lFé
1
q

0 — {q if F(x) > Fi%

0 otherwise

° Fe 1 is the P4's (g — 1)th g-quantile of the fitness F.
= {dPe(G) =exp{07t(x) — (0)}dPy (x)},
® Reference measure dPy (x).
® The log-partition function 1 (8) = In [ exp{0Tt (x)}dPo (x) .
® Vel(O) lo_g = pF,_ 4 —#
=

e,y = ] FT) e {07 (FTI() — w(8) +1n(a)} dPo o F(y).
qt F9
-1

® = [xexp{0Tt(x) — (0)}dPo (x).

Influence of g on (Left) the scaled expected fitness gradient || Vg J(6", q) |scated and (Right)
scaled expected fitness gradient averaged through all iterations (<|| V¢ J(0, q) || scated>) o/15



Adaptive selection quantile
® g as an equivalent to the annealing temperature control parameter

ge1 = qrexp{fcos(a’)}
< A9t7A0t—1 >Ief,1 Agt — gt _ otfl7
180z, _,[|A0 |z, " AOTP =002

ot—1
® <>z, , -scalar product with respect to Zg:-1.

© A", AB! € TyesS.

cos(af) =
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ge1 = qrexp{fcos(a’)}
< NG, NGO > NG =6 — 0",

cos(af) = o1
186 |z,,_, ||AO |z, NG =019
® <>z, , -scalar product with respect to Zg:-1.

© A", AB! € TyesS.

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Iteration

Evolution of the adaptive selection quantile q.
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Entropic proximal maximization for
exponential families
® Euclidean fitness gradient VgJ(0) [o_5 = pr,_, — p, for a fixed
g*, determines proximal map maximization? "

1
o+l = argmax{OTVeJ(gt) — =Dy (Per || 'De)} ’
0cO €

1Beck A. and Teboulle M. (2003) Mirror descent and nonlinear projected
subgradient methods for convex optimization, Operations Research Letters, 31, pp.
167-175.

2Raskutti G. and Mukherjee S. (2015). The information geometry of mirror
descent, |IEEE Transactions on Information Theory, 61, pp. 1451-1457.
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Information-geometry of ETRPA
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Information-geometry of ETRPA
ETRPA as a solution of a maximin problem

max  min DKL(qu* || Pg1); ST ,S* C S.
*65‘7 P 1€S

S =Uqepoe) 57 7= {dPI(8)| 6 € © C R",}

dP9(6) = exp {07t (F71(y)) — ¢ (8) +In(q)} dPo o F(y) y > F1 1
0 otherwise
Fixing Pgq+ minimizing with respect to 8%, and fixing Pg:
maximizing with respect to 89
* b * t
0" =0+ Tk M), nT =T e (67 -
Considering S9" and S! as embeddings of 5¢ in S we recover S¢
from S
® For ' € S the H-coordinates of S¢: [9,-1],-:17,“7,, — 0.
® For u% €S9 the p- coordinates of S¢:

_ 17,97
H—qT[Ni li=t,....n + 2 T IJ’FC L0
r 1-ge
1’?

«t41

Hec = / F_l(y)exp{GTt (F_l(y)) *@(9)4“'"(q*qil)}dPOOF_l(y)
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q* —oco
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Maximization of stochastic dependence
| Por)

® maxp . ese Minp,, cs1 Dt (Poar

1Studeny M. and Vejnarova J. (1998). The multiinformation function as a tool for

measuring stochastic dependence, in Learning in Graphical Models. pp. 261-297.
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® Special case of multi-information/total correlation®:
Dic(- || P)

® A measure of stochastic dependence in complex systems.
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® A rule for training artificial neural networks.
® ETRPA moves towards maximizing stochastic dependence among
elements of the extended multivariate von Mises distributed random
vector.
® | earns the optimization landscape given by the CSG packing
problem.
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